In this paper, we consider the initial-boundary value problem of the following semilinear heat equation with past and finite history memories:
Introduction
In this paper, we aim at studying a generalized decay result of the following problem: This type of equations describes many mathematical models in engineering and physical sciences; we refer to [1] . For example, in the study of heat conduction in materials with memory, the classical Fourier law of the heat flux is replaced by the following form (see [2] ):
g(t -s)∇ a(x)u(x, s) ds,
where q, u, d, and the integral term represent the heat flux, temperature, diffusion coefficient, and memory effect in the material, respectively. From the mathematical point of view, we would expect that the leading term -d∇u dominates the integral term in the equation. Hence theory of parabolic equations can be applied to this type of equations. The study on the global existence, blow-up, and energy decay of solutions for this type of problems involving a finite history memory term has attracted much attention; see [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and the references therein. More precisely, Messaoudi and Tellab [9] studied the quasilinear parabolic system of the form
for m ≥ 2, where A(t) a bounded and positive definite matrix, and proved a general property of energy decay result, with usual exponential and polynomial decays as particular cases. Fang and Qiu [11] considered the mixed boundary problem of the equation
where A(x, t) is a positive function such that A t (x, t) ≤ 0. By the technique of Lyapunov functional they proved the existence and uniqueness of a global solution and that the energy functional decays exponentially or polynomially to zero as time tends to infinity. Later, Li et al. [12] were concerned with a mixed boundary value problem of the semilinear parabolic equation
Under suitable conditions, a generalized property of energy decay was proved, in which the exponential and polynomial decay results are only particular cases. However, to the best of the authors' knowledge, the decay results for semilinear heat equations with past (infinite) history memory have not been discussed yet. Motivated by this observation, we intend to study the generalized property of energy decay for problem (1.1) in the presence of past and finite history memories, which allows a wide class of memory kernel functions, where the exponential and polynomial decay results are only particular cases (see Example 3.1). Our result is also valid for the problem with past memory or finite memory term case; see Remark 3.2. It is necessary to point out that the argument in [9, 11, 12] cannot be extended to problem (1.1) due to the past memory term. In this paper, we adopt a new approach introduced by Guesmia [13] , who investigated a class of hyperbolic problems. This paper is organized as follows. In Sect. 2, we present preliminaries and some lemmas needed for later work. In Sect. 3, we establish the general decay result and give some examples to illustrate its wide application.
In this section, we give some assumptions, definitions, and lemmas, which will be used to establish our main result.
We first state the following assumptions. (H1) g i : R + → R + are differentiable nonincreasing functions satisfying g i (0) > 0, i = 1, 2,
There exists a positive differentiable nonincreasing function ξ :
(H3) There exist a positive constant σ and an increasing strictly convex function
2)
, and there exist two positive constants b 0 and
(H5) f : R → R is Lipschitz continuous and satisfies
To get an equivalent problem of (1.1) for convenience, we define
Obviously, this gives
Together with (1.1), we deduce the problem 4) and the following initial and boundary conditions:
Now we define the Hilbert space
and the weight space with respect to g 2
ds < +∞ endowed with scalar product and norm
where
We now state the definition of a solution of problem (2.4)-(2.5).
Remark 2.2 The existence and uniqueness of a global solution for problem (2.4)-(2.5) can be established by using the Galerkin method, the contraction mapping principle, and a continuation argument. The process is similar to that of [11] .
Define the modified energy functional of problem (2.4)-(2.5) by
ds.
We show the following lemma, which is useful to get
we have the equality
Proof The result can be obtained directly from the calculation
Lemma 2.2 The energy functional E(t) of problem
Proof Differentiating E(t) in (2.6), we obtain
Multiplying the first equality in (2.4) by u t and then integrating the result over Ω, we obtain
Subtracting the above two equalities and using Lemma 2.1, we get (2.7).
General decay
In this section, we establish the estimate of general energy decay, which is the main result of this paper. For this purpose, we introduce the perturbed energy functional
where ε 1 and ε 2 are small positive constants, and
We prove the following three lemmas for later use.
Lemma 3.1 Assume that u(x, t) is a solution of problem (2.4)-(2.5). Then there exist two constants c 1 , c 2 > 0 such that c 1 E(t) ≤ Ψ (t) ≤ c 2 E(t). (3.1)
Proof Let c * be the best constant for the Poincaré inequality u 2 ≤ c * ∇u 2 . It follows directly that
Applying the Hölder inequality, we obtain
Then, selecting c 1 = 1 -ε 1 c 01 -ε 2 c 02 and c 2 = 1 + ε 1 c 01 + ε 2 c 02 , we get(3.1).
Lemma 3.2 Assume that (H1)-(H5) hold and u
0 ∈ H 1 0 (Ω) ∩ H 2
(Ω). Let u(x, t) be a solution of problem (2.4)-(2.5). Then there exists a small constant μ 1 such that
Proof Differentiating χ(t) and using Green's formula and Hölder's inequality, we deduce
Setting μ 1 = μ 2 in the last inequality, we get (3.2).
Lemma 3.3 Assume that (H1)-(H5) hold and u
(Ω). Let u(x, t) be a solution of problem (2.4)-(2.5). Then
Proof Differentiating φ(t) and using Green's formula and Hölder's inequality, we deduce
Using (H4), we estimate the first two terms in the right-hand side of this equality:
We estimate the second two terms in the right-hand side of (3.4):
Similarly, we estimate the third two terms in the right-hand side of (3.4):
The seventh term in the right-hand side of (3.4) gives
From the last two terms in the right-hand side of (3.4) we get
and
Substituting inequalities (3.5)-(3.10) into (3.4), we obtain 
Then we obtain
We now state and prove our main theorem. 
